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mss
{ mss DEE }
max o map sum o concal o map tails o inits #0(n?)
= { concat-map ®WE (&) }
max o concat o map (map sum) o map tails o inits
= { concat-foldr @& (%) }
mazx o map (map maz) o map (map sum) o map tails o inits
= { map-map BB 2 @) }
max o map (map maz o map sum o tails) o inits

mazx o map (fst o foldr (®) € o map f)oinits # O(n)
where f a=(a,a), e = (-0, 0),
(m1, 51) © (M2, s2) = ((m1 + 52) T M2, 51+ 52)



JOJ5 A
5% <%ﬁ*ﬁbt 3R

BE (bH 0 PT VAN O(n?) BTOTS A

= Y s TRy
max o map sum o concal o map tails o inits #0(n?)
= { concat-map ®WE (&) }
max o concat o map (map sum) o map tails o inits
{ concat-foldr @& (¥) }
mazx o map (map maz) o map (map sum) o map tails o inits
= { map-map W& (20) }
max o map (map maz o map sum o tails) o inits

mazx o map (fst o foldr (®) € o map f)oinits # O(n)
where f a=(a,a), e = (-0, 0),
(m1, 51) © (M2, s2) = ((m1 + 52) T M2, 51+ 52)
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BE (DHDPTVAIEHEN) O(n) BTOTS 4|

— TS5 VIREIX S

max o map sum o concat o map tails o inits #0(n?)
RECEAIZRWERZRDIRT
E.g. map-map B&8: (map g) o (map f) = map (go f)
maz o map (map maz) chap (map sum) o map tails o inits

= { map-map @& (2 @) }
mazx o map (map mazx o map sum o tails) o inits

mazx o map (fst o foldr (®) € o map f)oinits # O(n)
where f a=(a,a), e = (-0, 0),
(m1, s1) © (M2, 52) = (M1 + s2) T M2, 51+ 52)
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\ BE (DHDPTVAIEHEN) O(n) BTOTS 4|

= TITSS VTREFX |

max o map sum o concat o map tails o inits #0(n?)
RECEAIZRWERZRDIRT
E.g. map-map B&8: (map g) o (map f) = map (go f)
maz o map (map maz) chap (map sum) o map tails o inits

= { map-map @& (2 @) }
mazx o map (map mazx o map sum o tails) o inits

mazx o map (fst o foldr (®) € o map f)oinits # O(n)
where f a=(a,a), e = (-0, 0),
(m1, 51) ® (M2, s2) = ((m1 + s2) T ma, s1+ s2)
N
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Program  Program Program
Calculation g
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E.g. mapgomap f =map (go f)
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DA R Faster
& rogram Program

Calculation
EHEREDEMA

E.g. mapgo map‘\f =map (g o f)
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Coq
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EETEEOEA

E.g. mapgo map\\f =map (g o f)
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EELERIDA:
Map-map fusion law

(map g) o (map f) = map (go f)

For Lists
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EELERIDA:
Map-map fusion law

(map g) o (map f) = map (go f)

For Lists
[a1, ..., a]
map f |
[fat,..., [ a)
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EELERIDA:
Map-map fusion law

(map g) o (map f) = map (go f)

For Lists
[ai, ..., ap)
map fI
Lf a1,..., [ ay]
map g |

[g (f al)?"'ag (f an)]



EELERIDA:
Map-map fusion law

(map g) o (map f) = map (go f)

For Lists
[a1, ..., a] —————
map f |
[fat,..., [ a)

map g |
l9 (f a1),--.,9 (f an)]
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ﬁ?ﬁﬁﬁ% [Tesson+, 2011]

o JOUSLBEDROHD Coq 51T
FHIRECIR(IC KD equational reasoning
BMF (Bird-Meertens Formalism) ([CED<

¢ Shallow embedding T Coq 7’00 S5 A% EE
BRAG: UABMEDTOU S AICDWTODEEE]
Theory of Lists ZRZZ 1L

Bird [C&KdLOFv./—k
U B DESRAE



Theorem filter promotion :
p <| :0: @concat A = @concat A :0: p <| *.
Proof.
LHS
= { rewrite (filter mapreduce) }
(++ / :0: f x :0: @concat A).
= { rewrite map promotion }
(++ /:0: @concat (Llist A) :0: fx %),
= { rewrite comp assoc }
((++ /:0: @concat (list A)) :o0: fx x).
= { rewrite reduce promotion }
(++ / :0: (++ /)*x :0: fx x).
= { rewrite concat reduce }
(@concat A :0: (++ /)x :0: fx x).
= { rewrite map distr comp }
(@Qconcat A :0: (++ / :0: f %) x*).
= { rewrite filter mapreduce }
(@concat A :o0: (p <|) *).
[1.
Qed.
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ﬁu%:_l:t (Recursion Schemes)

o HBENGBIRSIED/I\Y Y ZRZ D
¢ Generic Programming DX AR TR ABIICEAFR
¢ ADT-generic RERZS A DI ENTJHEE

27X ADT TOBJRSEZR—BICIDIKRZ D
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ADT-generic TRERER (FEKEIT) -
Map-map fusion law (generalized)

(map g) o (map f) = map (go f)

For Lists
[a1, ..., a] —————
]
[f a1,..., f an] map (g o f)
map ¢

l9 (f a1),--.,9 (f an)]
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ADT-generic TRERER (FEKEIT) -
Map-map fusion law (generalized)
(map g) o (map f) =map (go f)

For Trees
f a1

map I az I as

a1

a2 a3
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ADT-generic TRERER (FEKEIT) -
Map-map fusion law (generalized)

(map g) o (map f) = map (go f)

For Trees
[ a map ¢
map f f as | as
aq g (f al)
as as g (f a2) g (f as)
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ADT-generic TRERER (FEKEIT) -
Map-map fusion law (generalized)

(map g) o (map f) = map (go f)

For Trees
map g
map f f a9
f al
ay as | map (g o f) g ([ a2) g ([ a3)
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+ BJREX T ADT-generic Ik map ZRETE3:
mapy f = (inpo F(f, id))

WEAF F OBV AICK D TERR ADT (X
Eg F(AX)=1+Ax X B5JRXNAED map

¢ ADT-generic ’& map-map fusion Bl ECiRA]5E
mapy g o mapp f = mapp (go f)
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ADT-generic 7F map (FEIRET)

+ BJREX T ADT-generic Ik map ZRETE3:
mapy f = (inpo F(f, id))

WEAF F OBV AICK D TERR ADT (X
Eg F(AX)=1+Ax X B5JRXNAED map

¢ ADT-generic & map-map fusion Bl % SR AT HE
mapp g o mapyp f = mapg (9o f)
BIRXZ(E ADT-generic 7E&E(C
wWLEIL—AD—D ©
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* BEDEHD Coq 54T 51 [Tesson+, 2001] e
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specialize LT
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Theorem data_functor :
forall {A B C : Type} (f : A ->B) (g : B ->0(),
(fmap g) o (fmap f) = fmap (g o f).
Proof.
intros; unfold fmap.
assert ( (fmap g) o in_ o F(f)[id] = in_ o F(g o f)[id] o F(id)[fmap gl ).
{
unfold fmap.
Left
( (in_ o F(g)[id]) o in_ o F(f)[id] ).
( in_ o (F(g)[id] o F(id)[(in_ o F(g)y[id]1])]) o F(f)[id] )
{ by cata_cancel }.
(in_ o (F(g)[(in_ o F(g)[id]1|)] o F(f)[id]) )
{ by fmap_functor_dist }.
= (in_ o (F(g o f)[(in_ o F(g)[id]1]]1) )
{ by fmap_functor_dist }.
= (in_ o (F(g o f)[id] o F(id)[(in- o F(g)[id]1)]1) )
{ by fmap_functor_dist }.
Right.

}

unfold fmap in HO.

Left

( ( in_ o F(g)[id] ) o ( in_ o F(f)[id] | ).

( (in_ o F (g o f)[id] ) ) { apply cata_fusion }.
Right.

o

Qe



Folding Unfolding

(Tearing downs the Inductive Dataypes) (Building up the Coinductive Dataypes)
CatamorphismtMalcom, 1990] Anamorphism[Fokkinga+, 1991]
- _1 _1
[=¢oF(f)oing f=outz o F(f)ot

[Meertens, 1992] [Vos, 1995]

Paramorphism Apomorphism
[ =woF({f,idur)) oing [ =outz' o F([f, idyr]) 0 ¢

Histomorphism[Uustalu+, 1999] Futumorphis
f=9o F([{f,ing")))oing" [ =outs' o F(([f, outp'])) o

Refolding

(Building up an intermediate data structure then tearing down it)
Honmorphism[Meijer+, 1991]
cata o ana

m [Uustalu+, 1999]

Dynamorphism[Kabanov+, 2006]

histo o ana



Folding

(Tearing downs the Inductive Dataypes)

Unfolding

(Building up the Coinductive Dataypes)

Catamorphism[Malcom, 1990]
f=poF(f)oing!

AnamorphismlFokkinga+, 1991]

f = outzlo F(f) o

Paramorphism[Meertens, 1992]

f=¢o F({f,id,p)) o ing'

Apomorphism[Vos: 199]

f =outp! o F([f, idyF]) 0 9

Histomorphism[Uustalu+, 1999]

f =@o F([{f,ing")]) oing!

Futumorphism[uusta|u+. 1999]

J =outz' o F(([/, outg']]) o ¢

Refolding

(Building up an intermediate data structure then tearing down it)
Honmorphism[Meijer+, 1991]
cata o ana

Dynamorphis

m[Kabanov-+, 2006]

histo o ana




EERAIS A5

¢ [Uustalu+ 1999] [CIRN

2EEMAZEITNTH

am

Histo/Futu-morphism
DIREm

Histo/Futu (CE8T 23&
BEEBETYIR—k

EEFEED Coq [CKBFBAEZDBEENIL

cata_charn
cata_cancel
cata_refl

cata_fusion

Sein =goFlfl & f=(¢)
(@) oin_=po Fl(e)]

id = (in_

Sfop=voF[f]=» fo(e)=(¥)

in_o (Flin]) = id A (Flin]oin_) = id

'—GF[hL])

idAdn_invoin_=id

‘ana_charn out_ o/ —Flflog & =)
ana_cancel out_o m Fllello @
ana_refl

ana_fusion Vo f=F| [/] 0 — [w]of = (e]
Def. of out™! out_inv := [Flout_]}

out_inv_charn

out_inv o out_ = id Aout_oout_inv = id

Toma2 Foin_=po F[(f.id)] ¢ f = fsto (¢, in_o Flsnd]))
Def. of para. {pb = fsto ({.in_o Flsnd])))
para_charn foin_=po F[{f,id)] < f = {g)
para_cancel ) 0 in_ = p o F[(f), id)]
para_refl id = {in_o Flfst])
para_fusion Foe=voFlf®id] - fole = W)
para_cata () = fp o Flfst)
para_any f = {f oin_o Flsnd])
Def. of apo. {1 = [l Flinr] o out_[Joini
apo_charn out_o f = FIf,id]op ¢ f = (¢}
apo_cancel out_ o] = Flll¢]l id]l o
apo_refl id = {Flinl] o out_j]
apo_fusion vof F[I ®idlow - [¥lo f =[]
apo_ana
apo_any
Tema3

o out_ u(|o\|t )nva(w id) )
Def. of histo.

{leh := fst o out_o (out_invo (p,id))

histo_charn
histo_cancel
histo_refl
histo_fusion
histo_cata

id = {}in_ o Flfstoout_]
o FI[(f ®id) o ous_J] - £ o figh = (v}
{ip o F[(fst o out )]}

Def. of futu.

[, id] 0 in_invjoin_oinl

futu_charn
futu_cancel
futu_refl
futu_fusion
futu_ana

out_o f = F[(f,out_inv]) oy ¢ f = [p]
out_ofel= Fl( ] out_inv])] o

id = [Flin_oinl] o out_[]

wo f=F[lin_o (f@id))]o e — [v]o f =[el
lpl=Fl(in_ oinl) o ¢]]




Histomorphism

* Cata + BEDHEBEND TP O RO]HE
FEHRTF REVWSPET—IBEEFES
DP o (FW\WC EMNTEDS

¢ #ll: Unbounded Knapsack Problem

Definition knapsack (wvs : list (nat * nat))
= {]
[fun _ => 0,
fun t => maximize
(fun p => match p with

| (w,v) => match t !! (w - 1) with
| Nothing =>
| Just a =>v + a
end

end) wvs]
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F 3K # & catamorphism (z5<be)

@ FIay NETERODSEZFEVXT
ferZUB Set 1213 E X%
(ORODEEEKIZFE R, partiality (FEZRLY)
o F It ADT [CXH
ZIBERBEF F DICK > THA % ADT hMENS
Eg La(X)=1+(Ax X):
Lo efR#UE A EDU R list A
¢ Catamorphism: ADT Z fcfeAAT) —DD
BRI STE XN
LW id 3 fold



F WX #1& catamorphism  @sic)
o 2IBXEAF F: Set — Set
(WF, inp) BN F 380# (F-initial algebra)

—

inF

F(uF) = uF
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F WX #1& catamorphism  @sic)
o 2IBXEAF F: Set — Set

(WF, inp) B F 380# (F-initial algebra)

— FRD p: F(X) > X [CHULT,

inF

F(uF) = uF

F(X)jX
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F WX #1& catamorphism  @sic)

o 2IBXEAF F: Set — Set
(WF, inp) B F 380# (F-initial algebra)
— FRDp: F(X) > X [CHULT, &3
f:puF — X NlE—FEL, foingp=poF(f)

ot
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F WX #1& catamorphism  @sic)

* ZIEHEF F: Set — Set
(WF, inp) B F 380# (F-initial algebra)
— FRDp: F(X) > X [CHULT, &3
fipuF — X DlEE—FEL, foinp=ypoF(f)

inF

F(uF) = uF
F(f)} if
F(X)?X
HE—D5 f % ¢ @ catamorphism EWW, (@), &
&L foinp=9poF(f) < f=(¢)g

SEREFEEERD Coq [CXBFAEZDEENL 20 / 35
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IREIC DWTRE DI DME
¢ (uF,inp): F 9B
¢ ing: F(uF) — pF (FEZEET (Lambeck)
ing' oing = idp(,r), inpoing' =id,p

DXD F(uF) = uF

F(ur) puk

BE, ing' (FEMBITERD: ing' = (F(inp))p



JRNBEF Ly: Set — Set
La(X) = 1+ (AxX)
La(f) idy +(ida x f)

D Lo 6REE KT catamorphism (), (&7?



JZANBEF Ly: Set — Set
Li(X) = 1+(AxX)
La(f) = idy+(ida xf)

D Lo 6REE KT catamorphism (), (&7?

Ly 38fRE: (list A, ing,)

A_=1]

ML= 1 A (x, xs) = x : xs

. Ly(list A) — list A



UZNBIF Ly: Set — Set
Li(X) = 1+(AxX)
La(f) = idy+(ida xf)

D Lo 6REE KT catamorphism (), (&7?

Ly 38fRE: (list A, ing,)

A_=]

ML= | X (x, zs) = x 2 s

: La(list A) — list A
1+ (A xlist A)



UZNBIF Ly: Set — Set
Li(X) = 1+(AxX)
La(f) = idy+(ida xf)

D Lo 6REE KT catamorphism (), (&7?

Ly 38fRE: (list A, ing,)

A_=]

Az, 28) =z as | Ly(list A) — list A

1+ (A xlist A)

in, (inl ) =[]

ing, (inr (z, zs)) = cons x zs

inLA =

pointwise (C:



UZNBIF Ly: Set — Set
LaX) = 14 (AxX)
La(f) = idy+(ida xf)

D Lo 6REE KT catamorphism (), (&7?

Ly 8% (list A, ing,)
A_=1]]

NZs =1 X (z, 28) = = a8 : LA(hSt. A) — list A
1+ (A x list A)
pointwise (C: ing, (inl ()) =[]

ing, (inr (z, xs)) = cons z s

a8 SIMER(ITH > CENRT —IBEZED

(DEDBEDIFTOASTEIVRNSHY)



w: La(X) = X F(uF) —— pF
F(X) —— X

BEMEEEERD Coq [C&BIHEZ0EHE 23 /35



LA(X)—>X F(MF)%MF
L |
BASE>T ¢ (RO v 3
A = c F<X)T>X
P A(z,25) = z®as
23 /35

EREEEED Coq [CKBDIBREZDEENL
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w: La(X) > X

1+ (AxX) F(f)i ,

BENSE 2T [RDFE: M v
A = c F(X)?X
L A(z,zs) = Tz® s

foing=@o La(f)
= | ERZER }
A=)
fo A(z, zs) = x a8

A_=c inl o idy
° | inro (ida, f)

| A (zya8) = r® s



p: La(X)
1+ (AxX)

Bhs8
¥

—

—

)
A
A

(x,z5) = x@xs}

Ty (ERDFZ:

= C

foing=@o La(f)

{ ERZER }

fo A_=1]

{ pointwise [C&

{

A(x,xs)ﬁx::xs]

A_=c

A(ms):,x@m]"[
71}

f1
f (z:

s)

c
T ® (f zs)

inl Oidl
inro (ida, f)

|



1+ (AXxX) Fif) y
BENSE 2T [RDFE: v v
A = c F(X)?X
L A(z,zs) = Tz® s
foinF:gooLA(f)
— {ERZER }
A_=]]
fo A(z, zs) = x a8
. A_=c inl o idy
A (z,as) = x®xs | | inro (id, f)

<= { pointwise [CE(F(J }

Sl = ¢ )
{f(:l:::xs) = z®(f as) EI BI(C foldr



Catamorphism (BE&#I(CIE)

¢ ADT DIVRES VY ZEBICESHRZ
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=T, BAETEAKRBRI &

Catamorphism D4HHD (F (&

foinp=goF(f) <= f={(¢)

ThHhdZE (CATA-CHARN)
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F 38 & catamorphism (o< D &)
BHREDIZOHDED SR

SEERED

e d -



ZIERBEICEODIES (1/3)

o ZIBHEFZRIE PolyF : Type
Inductive PolyF : Type :=

| zer : PolyF
one : PolyF
argl : PolyF

Sum : PolyF -> PolyF -> PolyF

I

I

| arg2 : PolyF

I

| Prod : PolyF -> PolyF -> PolyF.

AST O TREABIICK >TWS

MHOWEE: Ly DK DA indexing SNTEEFERIRT
278, ZEI(& bifunctor T > TWL\D



ZIREFICET DD D ERE (2/3)

¢ F:PolyFh S EMXRBNLEF

[F] A : Type — Type ZiR 9 B8

Fixpoint inst (F : PolyF) (A X : Type) : Type :=
match F with

zer => Empty_set | one => unit

| argl => A | arg2 => X
| Sum F G => (inst F A X) + (inst G A X)
| Prod F G => (inst F A X) * (inst G A X)
end.

Notation "[[ F ]]1" := (inst F) (at level ).



SIEREECEODDES (3/3)

* LWhKpD fmap

Fixpoint fmap (F : PolyF) {A@ Al X0 X1 : Type}
(f : A -> Al) (g : X0 -> X1) : [F] A@ X0 -> [F] Al X1 :=
match F with
zer => id | one => id | argl => f | arg2 => g
| Sum F G => fun x
=> match x with
| inl x => inl (fmap F f g x)
| inr x => inr (fmap G f g x)
end
| Prod F G => fun x
=> (fmap F f g (fst x), fmap G f g (snd x))
end.

¢ [F] A: Type — Type H'\BIFAIZ w7 I 5EEA
e (TH, BLTE Notation
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Class F_initial_algebra (F : PolyF) (A mF : Type)
i={
cata : forall (X : Type), ([F] A X -> X) -> (mF -> X);
in_ : [F] A mF -> mF;
cata_charn : forall (X : Type) (f : mF -> X)
(p ¢ [F] A X ->X),
f oin. = ¢ o F[f] <-> f = cata X ¢
b

* PAREL - Catamorphism DEZRZERB(CHF L

AVRAIVRIE Coq 7OV SLELTD inp &
(o) DEE (ENL)
Cata-Charn DIEBEHEK



Instance list_ia (A : Type)
: F_initial_algebra (Sum one (Prod argl arg2)) A (list A)
=1
cata :
in_

list_cata A;
list_in A

}.
Proof. (x 3%D® cata_charn D3R *)
intros. split.
- intros H; extensionality 1; induction 1.
+ specialize (equal_f H (inl tt)) as HO.
cbv in HO; cbv; easy.
+ specialize (equal_f H (inr (a, 1))) as HO.
cbv in HO; cbv. rewrite HO. rewrite IHl. easy.
- intros H; extensionality 1. induction 1.
+ rewrite H; induction a;
specialize (equal_f H []) as HO. easy.
+ rewrite H. induction b;
specialize (equal_f H (cons a b)) as HO. easy.
Defined.
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H<BEREINTO0IS L

¢ CCETOERDEHE, BRHATITIOIS L%
EWTEITTEDLSIC

Definition map {F : PolyF} {mF A B : Type}
{ial : F_initial_algebra F A mF}
{ia2 : F_initial_algebra F B mF}
(f : A -> B)

i= ( in_ o F( f )[id] ).

Eval cbv in (map (plus ) [1 ; 2 o 7 51).
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cata_charn : forall (X : Type) (f : mF -> X)
(o« [F] A X ->X),
foin. = ¢ o F[f] <-> f = cata X ¢

¢ YhEA in_& cata DEENEZ SN TLINIG,
Cata-charn D3EBRIIBENLTEZS
* <- OBFEEZH LY
Vz : F(X), ((¢) oinp) z = (po Fl(¢)]) z ZmE
(KLY
THICBENIT BRI RE



Instance list_ia (A : Type)
: F_initial_algebra (Sum one (Prod argl arg2)) A (list A)
=1
cata :
in_

}.

list_cata A;
list_in A

Proof.
intros. split.
- auto_instance_onlyif. (*x AUTOMIZED x)
- intros H; extensionality 1. induction 1.
+ rewrite H; induction a;
specialize (equal_f H []) as HO. easy.
+ rewrite H. induction b;
specialize (equal_f H (cons a b)) as HO. easy.
Defined.

* 5 fITRIh &SR
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* BEDEHD Coq 54T 51 [Tesson+, 2001] e
o BIREICE T K ADT-generic 75388l % SEEAT]
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¢ Refolding RDBIRRITL (hylomorphism 78 &)
SBIEBTENEZ<HNENTWLD
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